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Certain inequalities shall be considered, which involve combinations of gamma and psi functions of one positive variable *β* and one parameter *x* greater than unity. The basic functions involved are particular values of the hypergeometric function $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& A(\beta; x) = F \biggl( \frac{1}{\beta }, - \frac{1}{\beta }, \frac{x}{\beta }; 1 \biggr) = \frac{\Gamma^{2} (x/\beta)}{\Gamma ( (x-1)/\beta ) \Gamma ( (x+1)/\beta ) } \\& \hphantom{ A(\beta; x)}= \prod_{\nu =0}^{\infty } \frac{(y_{\nu }- 1)(y_{\nu }+ 1)}{y_{\nu }^{2}} = \prod_{ \nu =0}^{\infty } \biggl( 1 - \frac{1}{y_{\nu }^{2}} \biggr), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& B(\beta; x) = F \biggl( \frac{1}{\beta }, - \frac{1}{\beta }, \frac{x+1}{\beta }; 1 \biggr) = \frac{\Gamma^{2} ((x+1)/\beta)}{\Gamma ( x/\beta ) \Gamma ( (x+2)/\beta ) } \\& \hphantom{B(\beta; x) }= \prod_{\nu =0}^{\infty } \frac{y_{\nu }(y_{\nu }+ 2)}{(y_{\nu }+1)^{2}} = \prod_{\nu =0} ^{\infty } \biggl( 1 - \frac{1}{(y_{\nu }+ 1)^{2}} \biggr), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\Gamma (s)$\end{document}$ is the gamma function, $\documentclass[12pt]{minimal}
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                \begin{document}$x \in (1, \infty)$\end{document}$ throughout. The product representations of $\documentclass[12pt]{minimal}
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                \begin{document}$B(\beta; x)$\end{document}$ are given is \[[@CR1], 8.325.1\]. Associated with these functions is their product $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} C(\beta; x) =& A(\beta; x) B(\beta; x) = F \biggl( \frac{1}{\beta }, - \frac{2}{\beta }; \frac{x}{\beta }; 1 \biggr) = \frac{\Gamma (x/\beta) \Gamma ((x+1)/\beta)}{\Gamma ( (x-1)/ \beta ) \Gamma ( (x+2)/\beta ) } \\ =& \prod_{\nu =0}^{\infty } \frac{(y_{\nu }- 1)(y_{\nu }+ 2)}{y_{\nu }(y_{\nu } +1)} = \prod_{\nu =0}^{\infty } \biggl( 1 - \frac{2}{y_{\nu }(y_{\nu } + 1)} \biggr). \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$a+b-c < 0$\end{document}$ for each of the hypergeometric functions in ([1.1](#Equ1){ref-type=""}), ([1.2](#Equ2){ref-type=""}), and ([1.3](#Equ3){ref-type=""}), each of their series expansions converges throughout the entire closed unit circle of the complex plane \[[@CR1], 9.102.2\], and the gamma function expressions are justified \[[@CR1], 9.122.1\].

For the sake of simplicity we shall from now on omit the arguments *β* and *x* whenever there is no chance for confusion, keeping in mind, however, that *β* in the actual independent variable, and that *x* is a parameter. If we attach an argument to a symbol of a dependent variable, it will be a particular value of *β*. For example, $\documentclass[12pt]{minimal}
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                \begin{document}$A(1) = A(1;x)$\end{document}$. Furthermore, derivatives will always be with respect to *β* and will be denoted by a prime.

The functions *A*, *B*, and *C* satisfy the inequalities $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& 0 < C < A < B < 1. \end{aligned}$$ \end{document}$$ The infinite product representations of *A*, *B*, and *C* show that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& A \downarrow 0,\qquad B \downarrow 0,\qquad C \downarrow 0\quad \text{as } \beta \downarrow 0, \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& A \uparrow \frac{x^{2} - 1}{x^{2}} = A_{\infty },\qquad B \uparrow \frac{x(x +2)}{(x+1)^{2}} = B_{\infty },\qquad C \uparrow \frac{(x - 1((x+2)}{x(x+1)} = C_{\infty }, \end{aligned}$$ \end{document}$$ as $\documentclass[12pt]{minimal}
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                \begin{document}$\beta \uparrow \infty $\end{document}$. (The down-arrow means that the function at its left decreases toward the value at its right as its argument decreases. The up-arrow indicates the opposite.) We note the particular values $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& A(1) = \frac{x-1}{x},\qquad B(1) = \frac{x}{x+1},\qquad C(1) = \frac{x-1}{x+1}. \end{aligned}$$ \end{document}$$ The *β*-derivatives of *A*, *B*, and *C* are $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& A' = 2AS,\qquad B' = 2BT, \qquad C' = 2C(S+T), \end{aligned}$$ \end{document}$$ with $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& S(\beta; x) = \frac{1}{2\beta^{2}} \bigl[ (x-1) \psi_{1} - 2x \psi_{2} + (x+1) \psi _{3} \bigr] , \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& T(\beta; x) = \frac{1}{2\beta^{2}} \bigl[ x \psi_{2} - 2(x+1) \psi_{3} + (x+2) \psi _{4} \bigr] , \end{aligned}$$ \end{document}$$ $\documentclass[12pt]{minimal}
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                \begin{document}$\nu = 1, \dots,4, \psi (s)$\end{document}$ being the *ψ* function, $\documentclass[12pt]{minimal}
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                \begin{document}$\psi (s) = d\log \Gamma (s)/ds$\end{document}$ \[[@CR1], 8.360\].

If we consider instead of ([1.1](#Equ1){ref-type=""}), ([1.2](#Equ2){ref-type=""}), and ([1.3](#Equ3){ref-type=""}) the more general function $$\documentclass[12pt]{minimal}
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                \begin{document}$\varphi_{3} = x/\beta $\end{document}$ this formula reduces to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A' = 2AS$\end{document}$ with *S* given in ([1.8](#Equ9){ref-type=""}).

Related to *S* and *T* is the function $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} Q(\beta; x) =& \frac{1}{3} (S + 2T) \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} =& \frac{1}{6\beta^{2}} \bigl[ (x-1) \psi_{1} - 3(x+1) \psi_{3} + 2(x+2) \psi_{4} \bigr] . \end{aligned}$$ \end{document}$$ The series expansion of the psi function \[[@CR1], 8.362, 1\], $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \psi (s) = -\gamma - \frac{1}{s} + s\sum_{\nu = 1}^{\infty } \frac{1}{\nu (s + \nu)}, \end{aligned}$$ \end{document}$$ where *γ* is Euler's constant, leads to the series representations of *T*, *Q*, and *S*, $$\documentclass[12pt]{minimal}
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                \begin{document}$\alpha = -1, 0, 1, 2$\end{document}$) in ([1.11](#Equ13){ref-type=""}) would not bring any advantage. In fact, it would hamper comparison of equally numbered terms of these series and related expressions.)

Under the restrictions on *β* and *x*, each of the series in ([1.11](#Equ13){ref-type=""}) is positive, and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& 0 < T < Q < S. \end{aligned}$$ \end{document}$$ Therefore, the derivatives $\documentclass[12pt]{minimal}
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                \begin{document}$\beta > 0$\end{document}$ and, by ([1.5a](#Equ5){ref-type=""}), ([1.5b](#Equ6){ref-type=""}), bounded. (This belatedly justifies the direction of the arrows in the limit relations ([1.5a](#Equ5){ref-type=""}), ([1.5b](#Equ6){ref-type=""}).)

We now introduce the gamma function combination $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \sigma < Q/S,\quad \beta \in (0, \infty), \text{fixed } x \in (1, \infty). \end{aligned}$$ \end{document}$$ It is a crucial prerequisite to an efficient numerical solution routine of the four-parameter hyper-gamma density estimation problem for a given statistical data set (observations) \[[@CR2], Chap. 9.3\]. The hyper-gamma distribution has important applications in chemical, biological, and physical processes. The four parameters of the distribution are shift, scale, initial shape $\documentclass[12pt]{minimal}
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                \begin{document}$\beta > 0$\end{document}$. The statistical parameters *β* and *x* are to be determined from a set of two simultaneous equations \[[@CR2], (9.33), (9.34)\]. These are derived from the first four moments of the four-parameter hyper-gamma probability density function \[[@CR2], (9.3.1)\], which are defined by combinations of gamma functions as they appear in ([1.1](#Equ1){ref-type=""}) and ([1.2](#Equ2){ref-type=""}). A considerable computational cost advantage is achieved if it is known that for every fixed value of *x*, say, one of these equations has exactly one solution *β*. This will be the case if ([1.15](#Equ17){ref-type=""}) holds. (See \[[@CR2], Chaps. 9.2, 9.3\], equation (9.3.34) and the discussion preceding (9.3.36).)
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The series ([1.11](#Equ13){ref-type=""}) and their *β*-derivatives converge (absolutely and) uniformly as functions of *β* on every closed subinterval $\documentclass[12pt]{minimal}
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                \begin{document}$x > 1$\end{document}$. To show this, we look at *Q*, for example, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& Q = \sum_{\nu = 1}^{\infty }q_{\nu }(\beta; x),\qquad q_{ \nu }= \nu \bigl[ (y_{\nu }-1) (y_{\nu }+ 1) (y_{\nu }+ 2) \bigr] ^{-1},\qquad y_{\nu }= \nu \beta + x. \end{aligned}$$ \end{document}$$ (Here the common factor $\documentclass[12pt]{minimal}
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                \begin{document}$\zeta (s)$\end{document}$ is Riemann's zeta function \[[@CR1], 9.522.1\]. The terms of the *β*-derivative $\documentclass[12pt]{minimal}
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Properties of *σ* {#Sec4}
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We turn now to our main objective and prove the inequality $\documentclass[12pt]{minimal}
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Declarations {#Sec6}
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Results and discussions {#Sec7}
-----------------------

Inequalities have been proved which involve various combinations of psi- and hypergeometric functions. They add to the wealth of knowledge in the theory of these special function classes of higher analysis.

Conclusions {#Sec8}
-----------

The main inequality of this paper guarantees uniqueness of the hyper-gamma parameter estimation and its application. Usefulness of this approach has been demonstrated in \[[@CR6]\].

Methods/experimental {#Sec9}
--------------------

The aim of the study is to prove an inequality made up of functions of higher mathematical analysis. This inequality guarantees monotonicity of the first moment equation function of the four-parameter hyper-gamma probability density estimation problem. Monotonicity guarantees uniqueness of the numerical solution process. Standard analytical methods of higher analysis have been employed to accomplish the proof.
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